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Hydrodynamic flow from RHIC to LHC∗
Piotr Boz˙ek
Institute of Nuclear Physics PAN, ul. Radzikowskiego 152, PL-31342 Krako´w,
Poland
Institute of Physics, Rzeszo´w University, PL-35959 Rzeszo´w, Poland
The hydrodynamic model for the expansion of the fireball in relativistic
heavy-ion collisions is presented. Calculations using relativistic hydrody-
namics of a fluid with small viscosity yield a satisfactory description of the
experimental data on the particle spectra, the elliptic flow or the interfer-
ometry radii.
PACS numbers: 25.75.-q, 25.75.Ld, 24.10.Nz
1. Introduction
The matter created in relativistic heavy-ion collisions is strongly inter-
acting. The dynamics of the system can be described as the relativistic
expansion of a hot fluid [1, 2]. Deviations from local equilibrium in the dy-
namical system lead to effects of viscosity in the hydrodynamics [3, 4]. The
collective flow of the fluid is indirectly observed in the transverse momentum
spectra of produced particles, in the azimuthally asymmetric directed, ellip-
tic and triangular flows, and in the interferometry radii. The experimental
results for such soft observables at the top RHIC and LHC energies can be
quantitatively understood using hydrodynamic models [5, 6, 7, 8, 9, 10].
Two conclusions on the nature of the hot and dense matter created can
be deduced. First, the equation of state at small baryon density has a
crossover transition from the quark-gluon plasma to the hadronic phase, in
agreement with lattice QCD calculations [11]. Second, the shear viscosity
to entropy ratio is small η/s < 0.2, close to the estimates from strongly
coupled theories [12].
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2. Hydrodynamics
Second order viscous hydrodynamic equations
∂µT
µν = 0 (1)
for the evolution in the proper time τ =
√
t2 − z2 of the energy momentum
tensor are usually solved in 2 + 1 [5, 13, 14, 15, 7, 8] (but also in 3 + 1
dimensions [8, 16]). The energy momentum tensor contains corrections from
shear viscosity piµν and from bulk viscosity Π∆µν , ∆µν = gµν−uµuν , and uµ
is the fluid velocity. The corrections are solutions of differential equations
[17]
∆µα∆νβuγ∂γpiαβ =
2ησµν − piµν
τpi
−
1
2
piµν
ηT
τpi
∂α
(
τpiu
α
ηT
)
(2)
and
uγ∂γΠ =
−ζ∂γuγ −Π
τΠ
−
1
2
Π
ζT
τΠ
∂α
(
τΠu
α
ζT
)
. (3)
with the shear η and bulk viscosity ζ coefficients, and the relaxation times
τpi, τΠ.
We use a boost-invariant viscous hydrodynamic model with parameters
adjusted to RHIC data [7] η/s = 0.08 and ζ/s = 0.04 (bulk viscosity only
in the hadronic phase). The initial profile of the density in the transverse
plane is taken from the Glauber model [18, 19, 20]. The emission of parti-
cles at the freeze-out temperature of 135MeV is performed using the event
generator THERMINATOR [21] including non-equilibrium corrections to
the momentum distribution from shear and bulk viscosity.
3. Results
The directed flow in ultrarelativistic collisions measures the deflection of
the fluid motion from the beam axis. It can be a remnant of the initial flow
or could result from the early dynamics of a deformed fireball [22, 23]. In
3+1-dimensional perfect fluid hydrodynamics, it can be generated in the ex-
pansion of a source tilted away from the collision axis. The tilt of the source
originates from the preferential emission in the forward (backward) hemi-
sphere from participant nucleons going in the forward (backward) direction
[24]. Hydrodynamic results in Fig. 1 show that the measured directed flow
in central rapidities can be explained. As observed experimentally, the flow
is similar in Au-Au and Cu-Cu collisions.
The transverse momentum spectra of particles produced in Au-Au colli-
sions at the top RHIC energies can be quantitatively described in hydrody-
namic models [2, 5, 6, 7, 8, 9, 13, 14, 15]. The shape of the spectra results
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Fig. 1. Directed flow in Au-Au and Cu-Cu collisions (solid and dashed lines re-
spectively) at different centralities from hydrodynamic calculations, compared to
the data of the PHOBOS and STAR Collaborations [25, 26]. The shaded band
between the thin and thick lines represents the effects of the uncertainty on the
initial tilt of the source (from [20]).
from a convolution of the collective flow of the fluid with the thermal emis-
sion at the freeze-out. In Pb-Pb collisions at
√
s = 2760GeV, the transverse
collective flow is stronger. One observes a significant shift of the spectra
of protons towards higher p⊥ (Fig 2). For heavier particles ( Ξ and Ω) the
flow predicted by hydrodynamic models is very strong, showing itself as an
increase of the mean p⊥ with the particle mass (Fig. 3). The observed flow
of heavy baryons is not as strong, which could indicate that multistrange
baryons decouple earlier. Also their chemical decoupling temperature is
higher than for protons [28].
The elliptic flow generated in the hydrodynamic expansion of a fluid with
small viscosity is compatible with the observations [5, 6, 7, 8, 13, 14, 15, 19].
The main uncertainty in the estimation of the viscosity coefficient from phe-
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Fig. 2. Transverse momentum spectra of identified particles in Pb-Pb collisions.
Preliminary data of the ALICE Collaboration (pi+, K+, p) for centrality 0 − 5%
[27] and (Ξ−, Ω−) for centrality 0−20% [28] scaled by 1.3 to compare with viscous
hydrodynamic results for the centrality 0− 5% [19].
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Fig. 3. Average p⊥ of identified particles from viscous hydrodynamics [19] compared
to ALICE Collaboration preliminary data [27].
nomenological studies comes from the uncertainty in the value of the initial
eccentricity of the fireball. The elliptic flow coefficient of charged particles
as function of the transverse momentum is very similar at RHIC and at the
LHC [29]. The same is observed in hydrodynamic calculations, where the
dependence of the elliptic flow v2(p⊥) as function of energy saturates. The
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Fig. 4. (left pane) Elliptic flow of identified particles (pi+, K+, p from top to
bottom) from viscous hydrodynamics [19] compared to ALICE Collaboration pre-
liminary data [29]. (right panel) Same but for the triangular flow.
elliptic flow of identified particles shows splitting for particles of different
masses. At LHC the splitting is stronger as the transverse flow is more
important (Fig. 4). The elliptic flow of protons, kaons and pions can be
well described in hybrid models connecting a hydrodynamic expansion stage
with a hadronic cascade afterburner [30].
The triangular flow reflects shape fluctuations in the source [31, 32, 33,
8, 34]. The collective expansion of the fireball with a triangular deformation
is very sensitive to the value of the shear viscosity. A common description of
the elliptic and triangular flows could constraint the initial fluctuations and
the value of the parameters. In Fig. 4 is shown the triangular flow of iden-
tified particles at the LHC. In our calculation, the triangular deformation
is added to the optical Glauber model density following the prediction of
the Glauber Monte-Carlo model. We observe a similar splitting in the value
of v3 between particles of different mass as for the elliptic flow coefficient.
However, the same calculations that describes the elliptic flow of identified
particles cannot reproduce the values for the triangular flow.
The identical particle interferometry is an important tool for measuring
the size and the life-time of the interacting system [2, 37]. Hydrodynamic
calculations with a hard equation of state yield reasonable values of the
extracted interferometry radii (Fig. 5) at RHIC energies [9, 10, 38, 18, 39,
40]. At the LHC, the hydrodynamic transverse flow is stronger which gives
an even better agreement of the interferometry radii with the data. We
notice that nonzero viscosity or the presence of the pre-equilibrium flow
improve the agreement for the Rout/Rside ratio.
The high multiplicity of particles created in proton-proton collisions
at LHC energies would indicate that some degree of collectivity could be
achieved in the interaction region. Effects of the collective expansion of
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Fig. 5. Interferometry radii for Au-Au collisions at
√
s = 200GeV [35] (left panel)
and Pb-Pb collisions at
√
s = 2760GeV [36] (right panel) compared to viscous
hydrodynamic calculations [18]
the matter in such collisions have been estimated [41, 42, 43, 44]. The ob-
servation of the ridge in the two-particle correlations in high multiplicity
events in proton-proton collisions by the CMS Collaboration [45] can be in-
terpreted as the existence of the elliptic flow [46, 47]. However, it is difficult
to separate it from important non-flow effects. The presence of a significant
collective flow could be observed through interferometry methods applied
to proton-proton collisions [48, 42, 49, 50].
4. Conclusions
The hydrodynamic expansion of a hot and dense fluid represents a re-
alistic model of the dynamics of the fireball in relativistic heavy-ion col-
lisions. At RHIC energies the viscous hydrodynamic model can describe
the particle spectra, the elliptic flow of charged and identified particles, the
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interferometry radii, and the triangular flow. Different implementations of
the hydrodynamic model in the literature, especially with respect to the
initial conditions and the final hadron rescattering give a better agreement
for some of the soft above mentioned observables than for other.
Using the hydrodynamic model for Pb-Pb collisions at the LHC, one
finds a satisfactory description of most of the available data at soft trans-
verse momenta. The collective transverse flow is stronger and as a conse-
quence the mean p⊥ of produced particles and the integrated elliptic flow
increases as compared to RHIC. The interferometry radii show a dependence
on the momentum of the pion pair characteristic for the collective flow. The
elliptic flow of charged particles as function of p⊥ is hydrodynamically sat-
urated and does not change significantly when
√
s increases from 200 to
2760GeV. The strong collective component in the spectra is visible for pi-
ons, kaons and protons, but is less so for multistrange baryons. This may
indicate an earlier decoupling of heavy strange particles. The strong flow
explains the particle mass splitting for the elliptic flow but cannot explain
the one for the triangular flow. The appearance of the collective expansion
in high multiplicity proton-proton collisions has been suggested, but it is
difficult to evidence it experimentally.
5. Acknowledgments
This work was supported in part by the MNiSW grant No. N N202
263438.
REFERENCES
[1] P.F. Kolb and U.W. Heinz, Quark Gluon Plasma 3, edited by R. Hwa and
X.N. Wang, World Scientific, Singapore, 2004, nucl-th/0305084.
[2] W. Florkowski, Phenomenology of Ultra-Relativistic Heavy-Ion Collisions
(World Scientific Publishing Company, Singapore, 2010).
[3] P. Romatschke, Int. J. Mod. Phys. E19 (2010) 1, arXiv: 0902.3663 [hep-ph].
[4] D.A. Teaney, (2009), arXiv: 0905.2433 [nucl-th].
[5] M. Luzum and P. Romatschke, Phys. Rev. C78 (2008) 034915, arXiv:
0804.4015 [nucl-th].
[6] H. Song, S.A. Bass and U. Heinz, Phys.Rev. C83 (2011) 024912, arXiv:
1012.0555 [nucl-th].
[7] P. Boz˙ek, Phys. Rev. C81 (2010) 034909, arXiv: 0911.2397 [nucl-th].
[8] B. Schenke, S. Jeon and C. Gale, Phys. Rev. Lett. 106 (2011) 042301, arXiv:
1009.3244 [hep-ph].
8 sqm2011 printed on November 6, 2018
[9] W. Broniowski et al., Phys. Rev. Lett. 101 (2008) 022301, arXiv: 0801.4361
[nucl-th].
[10] S. Pratt, Phys. Rev. Lett. 102 (2009) 232301, arXiv: 0811.3363 [nucl-th].
[11] Y. Aoki et al., Nature 443 (2006) 675, hep-lat/0611014.
[12] P.K. Kovtun, D.T. Son and A.O. Starinets, Phys. Rev. Lett. 94 (2005) 111601,
hep-th/0405231.
[13] A.K. Chaudhuri, Phys. Rev. C74 (2006) 044904, nucl-th/0604014.
[14] H. Song and U.W. Heinz, Phys. Lett. B658 (2008) 279, arXiv: 0709.0742
[nucl-th].
[15] K. Dusling and D. Teaney, Phys. Rev. C77 (2008) 034905, arXiv: 0710.5932
[nucl-th].
[16] P. Bozek, (2011), arXiv: 1110.6742 [nucl-th].
[17] W. Israel and J. Stewart, Annals Phys. 118 (1979) 341.
[18] P. Bozek, Phys. Rev. C83 (2011) 044910, arXiv: 1012.5927 [nucl-th].
[19] P. Bozek, Phys. Lett. B699 (2011) 283, arXiv: 1101.1791 [nucl-th].
[20] P. Boz˙ek and I. Wyskiel, Phys. Rev. C81 (2010) 054902, arXiv: 1002.4999
[nucl-th].
[21] A. Kisiel et al., Comput. Phys. Commun. 174 (2006) 669, nucl-th/0504047.
[22] R.J.M. Snellings et al., Phys. Rev. Lett. 84 (2000) 2803, nucl-ex/9908001.
[23] L.P. Csernai and D. Rohrich, Phys. Lett. B458 (1999) 454, nucl-th/9908034.
[24] A. Bia las and W. Czyz˙, Acta Phys. Polon. B36 (2005) 905, hep-ph/0410265.
[25] PHOBOS, B.B. Back et al., Phys. Rev. Lett. 97 (2006) 012301, nucl-
ex/0511045.
[26] STAR, B.I. Abelev et al., Phys. Rev. Lett. 101 (2008) 252301, arXiv:
0807.1518 [nucl-ex].
[27] ALICE, M. Floris et al., (2011), arXiv: 1108.3257 [hep-ex].
[28] ALICE, F. Prino et al., (2011), these proceedings.
[29] ALICE, M. Krzewicki et al., (2011), arXiv: 1107.0080 [nucl-ex].
[30] U.W. Heinz, C. Shen and H. Song, (2011), arXiv: 1108.5323 [nucl-th],
[31] B. Alver and G. Roland, Phys. Rev. C81 (2010) 054905, arXiv: 1003.0194
[nucl-th].
[32] H. Petersen et al., Phys. Rev. C82 (2010) 041901, arXiv: 1008.0625 [nucl-th].
[33] B.H. Alver et al., Phys. Rev. C82 (2010) 034913, arXiv: 1007.5469 [nucl-th].
[34] Z. Qiu and U.W. Heinz, (2011), arXiv: 1108.1714 [nucl-th].
[35] STAR, J. Adams et al., Phys. Rev. C71 (2005) 044906, nucl-ex/0411036.
[36] ALICE, K. Aamodt et al., Phys. Lett. B696 (2011) 328, arXiv: 1012.4035
[nucl-ex].
[37] M.A. Lisa et al., Ann. Rev. Nucl. Part. Sci. 55 (2005) 357, nucl-ex/0505014.
[38] I.A. Karpenko and Y.M. Sinyukov, Phys. Lett. B688 (2010) 50, arXiv:
0912.3457 [nucl-th].
sqm2011 printed on November 6, 2018 9
[39] A. Kisiel et al., Phys. Rev. C79 (2009) 014902, arXiv: 0808.3363 [nucl-th].
[40] P. Bozek et al., Phys. Lett. B694 (2010) 238, arXiv: 1007.2294 [nucl-th].
[41] M. Luzum and P. Romatschke, Phys. Rev. Lett. 103 (2009) 262302, arXiv:
0901.4588 [nucl-th].
[42] P. Boz˙ek, Acta Phys. Pol. B41 (2010) 837, arXiv: 0911.2392 [nucl-th].
[43] J. Casalderrey-Solana and U.A. Wiedemann, Phys. Rev. Lett. 104 (2010)
102301, arXiv: 0911.4400 [hep-ph].
[44] E. Avsar et al., (2010), arXiv: 1009.5643 [hep-ph].
[45] CMS, V. Khachatryan et al., JHEP 09 (2010) 091, arXiv: 1009.4122 [hep-ex].
[46] P. Bozek, Eur.Phys.J. C71 (2011) 1530, arXiv: 1010.0405 [hep-ph].
[47] K. Werner, I. Karpenko and T. Pierog, Phys.Rev.Lett. 106 (2011) 122004,
arXiv: 1011.0375 [hep-ph].
[48] ALICE Collaboration, K. Aamodt et al., (2011), arXiv: 1101.3665 [hep-ex].
[49] A. Kisiel, Phys.Rev. C84 (2011) 044913, arXiv: 1012.1517 [nucl-th].
[50] K. Werner et al., (2011), arXiv: 1104.2405 [hep-ph].
